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ABSTRACT Molgdey and Schuster [5], Pham and Garat [7], Belouchrani

We propose a blind source separation model for statistically€t &l [3], Cichocki, Rutkowski, Barros, and Oh [13], Ci-
independent source signals, when the mixing operator is bi-chocki, and Thawonmas [14], Choi and Cichocki [12], Pearl-

linear. This model is equivalent to a linear model for sep- Mutter and Parra [6], Mueller et al.[10], etc. Moreover, it
aration of pairwise multiplications the source signals. We should be mentioned that recently several researchers have

prove that if the source signals are are colored and have disd€veloped a number of efficient algorithms for sequential
tinct autocorrelation functions on a given g&tthen we can blind source extraction, especially works of Delfosse and

extract simultaneously the pairwise multiplications of them, Loubaton [15], Hywrinen and Oja [16], etc.
using a generalized eigenvalue problem. In this paper we consider a new model for BSS problem,

when the mixing mapping is bilinear. This model is equiva-
lent to a linear model, if the source signals are presented as
pairwise multiplications of statistically independent signals.
We prove that, using a generalized eigenvalue problem and

The interest of blind signal processing, especially, indepen- d order statisti tract simult v th
dent component analysis (ICA) has been increased recentlysecon order statistics we can extract simultaneously these

due to its potential applications in many areas, including pairwise multiplications, assuming that they are colored and

brain signal processing and other biomedical signal process-have different autocorrelation functions on a given set of de-

ing, speech enhancement, wireless communication, geophy%a-ysp‘
ical data processing, data mining, etc. (see for instance the

1. INTRODUCTION

book [17] and references therein). 2. BILINEAR MODEL
The problem of blind source separation (BSS) is formu- ) )
lated as follows: we can observe sensor signals) = Consider the following model:
T . .
[z1 (k),...,zm (k)" which are described as x(t) = H(s(t),s(t)),t = 1,2,

x (k) =Hs (k) + n(k), Q) o a2 - )
whereH : R“" — IR" is abilinear operator. Equivalently,

whereH is m xn full-rank unknown mixing matrixs (k) =
s1(k),....sn (K)]" (n < m)is a vector of unknown zero T , _ - ,
Enez(;m) colored ((i.)e]. \Evith ten)1poral structure) source signals zi(t) =7 (1) His(t) = Z ha sk (B)silt),
andn(k) is a vector of additive white noise. Our objec-
tive is to estimate the mixing matrid and/or source sig-  whereH;,, i = 1, ..., n? is a symmetric matrix with elements
nals simultaneously or sequentially one-by-one assuminghi’k’l.
that they are uncorrelated (not necessarily statistically inde-
pendent) but arbitrarily distributed colored (notindependent
identically distributed), i.e. we assume that sources satisfy
the relation: £ {s; (k) s; (k —p)} # 0 at least for some
p =1,2,...and have different temporal structures.

The use of second statistics approach for blind separa- x(t) = As(t),t = 1,2, ...
tion of temporally correlated sources has been developed
and analyzed by many researchers, including Amari [2], We assume that the matriX is nonsingular.

k=1

Define the matrixA € R"™ <" with elementsy; ; =
higiforj =nk —1)+10i=1,..,nkl=1,..,n
and the signals; (t) = sk (t)s;(¢). Then the above bilinear
model is equivalent to the following linear model:
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3. BLIND EXTRACTION OF A MULTIPLICATION
OF TWO SIGNALS

Define the matrixS(p) with elementss; ;(p) = 1 for
i =n(k—1)+k,j =n(l—-1)+lands; ;(p) = E{sk(t)sk(t—

D) YE{si(t)si(t—p)},j =n(k—=1)+1,k, 1 =1,...,n; every

Let us firstly assume that we want to extract only one single other elements d8(p) are zero by definition.

multiplication of two source signals, say(¢)s;(t) from the
available sensor vectot(t). For this purpose we design a
single processing unit described as:

yi(t) = fo(t):_zwlﬂj (t)

T
wherew; = w11, Wiz, - .., Wip2]

Define
7712
Cll = Z w1 R k1
=1
Then

— Z ¢Sk (t)si(t)

k=1

Our objective is to estimate the optimal values for the
vectorw; in such way that the processing unit extracts suc-

cessfully the multiplication of two sources.

Observation: if the matrdC = >, w;H; (which
is symmetric) has only two nonzero elements, s,ayand
oLk, theny (t) = 2¢y s, (t)s(t) for everyt = 1,2, .
we extract the multiplication of the—th andl— th sources

The idea how to find suchv; is obtained from the fol-
lowing optimization problems.

(P1) maximizef(w) = wi R, (p)w
under constrainy’ R, (0)w = 1,

whereR,(p) = E{xx!}, x = x(k), x,(k) = x(k — p),
p # 0 is time delay andv is the expectation (averaging)
operator:

N

) 1
E{xxg} = NEIEQO N Z x(k)xT(

and

(P2) maximize

Z 2% Elsksi(t —p)tE{sisi(t —p)} + Ck,kcl,z)
k=1

under constraint

n

Z (20%.71 + Ck,kcl,l) =1,

k=1

where the vectot has components; = ¢, ; for j = n(k —
1) +1.

We have the following representation:
B{xx, } = AS(p)AT 2

Lemma 1 The problems (P1) and (P2) are equivalent in
sense that

(a) their optimal values are equaf{,ez = fmas), and

(b) w* is a solution of (P1) if and only if the vector
c* with components;, ; := Z?:l w; h; ,,; describing the
mixing and extraction procedure is a solution of (P2).

The above lemma follows easily from (2) and is a par-
ticular case of the following theorem.

Theorem 1 Suppose that the source signdls(¢)}!"
are uncorrelated and colored (i.&(p) = E{ss]} p =
1,2, ... are diagonal matrices with at least some nonzero
entries (on the main diagonal) afi@;(0) = I). Then:

(a) If (P1) has unique solution (up to sigw)*, then the
solution of (P2) isc* = ATw* and this solution has at
most two nonzero elements.

(b) Moreover, the set of the generalized eigenvalues of
the matrix penci(R.(p), R, (0)) and the set of the gener-
alized eigenvalues of the matrix pen¢8(p), S(0)) coin-
cide.

(c) If a generalized eigenvalug has multiplicity 1, then
the corresponding eigenvectors(&(p), S(0)) has at most
2 nonzero components.

Proof. (a) The assertion follows by Lemma 1 and as-
suming the contrary.

b) The assertion follows from representation (2).

(c) The assertion follows from representation (2) and by
the special structure &(p). m

4. SUFFICIENT CONDITION FOR
SIMULTANEOUS BLIND SOURCE SEPARATION
OF MULTIPLICATIONS OF SIGNALS

We define autocorrelation functions of second order for the
source signals by

ri(p) = E{si(k)si(k —p)},

wherep > 1 is a time delay. For a given finite subget=
{p1, ..., pr} of natural numbers we introduce the following
condition:

VZ,j 7é i E'l(’é,j) € {13 aL} : 7Ai(pl(i,j)) 7& Tj(pl(i,j))a
(DAF(P))

i.e. the sources have different autocorrelation functions on
the setP, at least for some discrete time delay, j) € P.
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Define a covariance matrix of the sensor signals by
_ T
R.(p) = E{xx, },
and similarly, a covariance matrix of the source signals by
R,(p) = E{ss; },
wherex, = x(k — p),x = x(k),s, = s(k — p),s = s(k).
We recall that the source signals arecorrelated if
R (p) are diagonal matrices for evegy > 1. Note that

in this case the diagonal elementsRf(p) arer;(p),i =
1,...,n. If the source signals are statistically independent,

5. CONCLUSION

We propose a bilinear model for the Blind Source Separa-
tion problem and show that it is equivalent to a linear BSS
problem for source signals consisting of pairwise multipli-
cations of the original sources. We give conditions under
which it is possible extraction of such pairwise multiplica-
tions and describe a procedure based on generalized eigen-
value problem for this purpose.
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